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Abstract
There are three kinds of regular polyhedral groups, the tetrahedral, octahedral and icosahedral
groups. Take one of them and write it, say G. Let M be the corresponding regular polyhedra and let
p, q, r be the number of vertices of M , that of edges and that of faces, respectively. Then there is
a reflection group W of rank four with the condition: the degrees of basic invariants coincide with
2, p, q, r . The first purpose of this paper is to show a relationship among the invariants of W and
those of G. The second one is to introduce a system of equations of reflection group W and to give
its solutions by reducing it to the homogenization of polyhedral equations for G introduced by Klein.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
We start this paper with showing a correspondence between the set of regular polyhedra
and that of certain reflection groups of rank 4.
Let M be a regular polyhedron and let p, q , r be the number of vertices, that of edges
and that of faces, respectively.
M p q r
Regular tetrahedron 4 6 4
Regular octahedron 6 12 8
Regular icosahedron 12 30 20
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(There are two other regular polyhedra, the cube (dual to the regular octahedron) and
the regular dodecahedron (dual to the regular icosahedron). Since it is not necessary for
our purpose to distinguish mutually dual polyhedra, we frequently treat one of two dual
polyhedra and do not refer to the other in the argument below.)
On the other hand, let W be one of the reflection groups W (D4), W (F4), W (H4). Let
R j ( j = 1, 2, 3, 4) be basic W -invariant polynomials and put d j = deg R j ( j = 1, 2, 3, 4).
Assume that d1 = 2 < d2 ≤ d3 < d4.
W d1 d2 d3 d4
W (D4) 2 4 4 6
W (F4) 2 6 8 12
W (H4) 2 12 20 30
From the two tables above, we observe that the triple (p, q, r) coincides with
(d2, d4, d3) in case of the tetrahedron and W (D4), the octahedron and W (F4) and the
icosahedron and W (H4), respectively. This observation is based on the study on the
monodromy groups of Appell’s hypergeometric function F4(α, β, γ, γ ′; x, y) [3, 4].
The first purpose of this paper is to show a result which is related with the observation
above. Let W be the reflection group whose type is one of D4, F4, H4. Then there are basic
W -invariant polynomials R j (x) ( j = 1, 2, 3, 4) of degrees d j ( j = 1, 2, 3, 4) (2 = d1 <
d2 ≤ d3 < d4) such that for each j , there is a polynomial Q j (x) with the condition that
R j (x) − Q j (x)R1(x) is decomposed into linear factors. (Precise statements are given in
Eqs. (4)–(6) and Theorem 4.) There are five kinds of irreducible reflection groups of rank
four. But a statement similar to Theorem 4 is not true for the cases A4, B4.
The second purpose of this paper is to study equations of reflection groups of types
D4, F4, H4. The equations of regular polyhedra are introduced and studied in Klein
[5, Part I, Chapter 5]. The homogenization of the equations for the tetrahedron and the
cube are discussed in [1, pp. 150–161]. The tetrahedral case discussed there is related
with ternary self-dual codes [1, p. 150] and the octahedral (=the cube) case is with binary
codes [1, p. 72]. The icosahedral case is also discussed in [1], but the formulation given
in [1, pp. 161–166], is not the same as that in [5]. It is fortunately possible to treat the
icosahedral case along the same line of the argument as those of the tetrahedral case and
the cube case, going back to Klein’s book [5, Part I, Chapter 5] (cf. [2, 8]). In Section 4,
with the help of the properties of the basic invariant polynomials of the reflection groups
of types D4, F4, H4 mentioned above, we introduce equations of reflection groups of types
D4, F4, H4 and give their solutions by reducing these to the homogenization of polyhedral
equations.
2. Preliminaries on regular polyhedral groups
In this section, we introduce invariants of regular polyhedral groups.
Let M be a regular polyhedron and let GM be the regular polyhedral group attached
with M . (If M is a regular tetrahedron (resp. a regular octahedron, a regular icosahedron,
we write M = T (resp. O, I ).) By definition, all the vertices of M lie on a sphere S2. Since
S2 is naturally identified with the complex projective line P1(C), M lives on it.
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Let eM , fM , kM be homogeneous polynomials of z1, z2 whose zeros are the vertices, the
centers of the faces, the mid points of the edges of M , respectively by regarding (z1 : z2) as
a homogeneous coordinate of P1(C). If p, q, r are the numbers given in the introduction,
then
eM (z1, z2) =
p∏
j=1
(a j z1 − a′j z2)
fM (z1, z2) =
r∏
j=1
(b j z1 − b′j z2)
kM (z1, z2) =
q∏
j=1
(c j z1 − c′j z2)
(1)
for some complex numbers a j , a′j , b j , b′j , c j , c′j . There is an algebraic relation among
eM , fM , kM . The concrete forms of eM , fM , kM and an algebraic relation among them
are given as follows:
The case of the tetrahedron (cf. [1, p. 158])
eT = z41 + 8z1z32
fT = 4(z42 − z31z2)
kT = z61 − 20z31z32 − 8z62
e3T + f 3T = k2T .
The case of the octahedron (cf. [5, p. 54])
eO = z1z2(z41 − z42)
fO = z81 + 14z41z42 + z82
kO = z121 − 33z81z42 − 33z41z82 + z122
− 108e4O + f 3O = k2O .
The case of the icosahedron (cf. [5, p. 56])
eI = z1z2(z101 + 11z51z52 − z102 )
f I = −(z201 + z202 ) + 228(z151 z52 − z51z152 ) − 494z101 z102
kI = z301 + z302 + 522(z251 z52 − z51z252 ) − 10 005(z201 z102 + z101 z202 )
1728e5I − f 3I = k2I .
3. Irreducible reflection groups of rank four and regular polyhedral groups
In this section, we first introduce basic W -invariant polynomials and then show the main
result on the decomposition of invariants into linear factors on the invariant quadric.
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Let W be a reflection group acting on a 4-dimensional real vector space V = R4 with
an inner product 〈·, ·〉. We may take
e1 = (1, 0, 0, 0), e2 = (0, 1, 0, 0), e3 = (0, 0, 1, 0), e4 = (0, 0, 0, 1)
as an orthonormal basis of V . As a coordinate of V , we take (x1, x2, x3, x4).
3.1. The case D4
Let
α1 = e1 − e2, α2 = e2 − e3, α3 = e3 − e4, α4 = e3 + e4
be vectors of V and let s j be the reflection on V with respect to α j ( j = 1, 2, 3, 4). Then
the group generated by s1, s2, s3, s4 is the reflection group W (D4) of type D4. In this case,
the ring of W (D4)-invariant polynomials is generated by
RD4,1(x) = x21 + x22 + x23 + x24 ,
RD4,2(x) = x41 + x42 + x43 + x44 − 4
√
3i x1x2x3x4,
RD4,3(x) = x41 + x42 + x43 + x44 + 4
√
3i x1x2x3x4,
RD4,4(x) = x61 + x62 + x63 + x64 .
Now introduce variables (u1, u2, u3, u4) by the relations

x1 = u1 − ω2u2 − u3 + ω2u4,
x2 = −(1 − ω)u2 + ω(1 − ω)u3,
x3 = −ωu1 + ω2u2 + u3 − ωu4,
x4 = ω2u1 − ω2u2 − u3 + u4,
(2)
where ω = e2π i/3. Write as PD4, j (u) the polynomial of u under the substitution (2) of x
by u in RD4, j (x) ( j = 1, 2, 3, 4). Then, in particular, it follows that
PD4,1 = 6ω2(u1u4 + 2u2u3).
Theorem 1. The following relations hold.

PD4,1(−2z2w1,−2z2w2, z1w1,−2z1w2) = 0
PD4,2(−2z2w1,−2z2w2, z1w1,−2z1w2) = 24eT (z1, z2)eT (w1, w2)
PD4,3(−2z2w1,−2z2w2, z1w1,−2z1w2) = 24ω2 fT (z1, z2) fT (w1, w2)
PD4,4(−2z2w1,−2z2w2, z1w1,−2z1w2) = −24kT (z1, z2)kT (w1, w2).
(3)
We now write
eT (z1, z2) =
4∏
j=1
(a j z1 − a′j z2)
fT (z1, z2) =
4∏
j=1
(b j z1 − b′j z2)
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kT (z1, z2) =
6∏
j=1
(c j z1 − c′j z2)
for some complex numbers a j , a′j , b j , b′j , c j , c′j as in (1). Then
eT (z1, z2)eT (w1, w2) =
4∏
j=1
(a2j z1w1 − a j a′j z1w2 − a j a′j z2w1 + a′2j z2w2).
This implies that there is a polynomial QT ,2(ζ1, ζ2, ζ3, ζ4) such that
PD4,2(−2ζ3,−2ζ4, ζ1,−2ζ2) − 24
4∏
j=1
(a2j ζ1 − a j a′jζ2 − a j a′jζ3 + a′2j ζ4)
= PD4,1(−2ζ3,−2ζ4, ζ1,−2ζ2)QT ,2(ζ1, ζ2, ζ3, ζ4). (4)
Similarly there are polynomials QT ,3(ζ1, ζ2, ζ1, ζ4) and QT ,4(ζ1, ζ2, ζ3, ζ4) such that
PD4,3(−2ζ3,−2ζ4, ζ1,−2ζ2) − 24ω2
4∏
j=1
(b2jζ1 − b j b′jζ2 − b j b′jζ3 + b′2j ζ4)
= PD4,1(−2ζ3,−2ζ4, ζ1,−2ζ2)QT ,3(ζ1, ζ2, ζ3, ζ4) (5)
and that
PD4,4(−2ζ3,−2ζ4, ζ1,−2ζ2) + 24
4∏
j=1
(c2jζ1 − c j c′jζ2 − c j c′jζ3 + c′2j ζ4)
= PD4,1(−2ζ3,−2ζ4, ζ1,−2ζ2)QT ,4(ζ1, ζ2, ζ3, ζ4). (6)
3.2. The case F4
Let
α1 = e2 − e3, α2 = e3 − e4, α3 = e4, α4 = (e1 − e2 − e3 − e4)/2
be vectors of V and let s j be the reflection on V with respect to α j ( j = 1, 2, 3, 4). Then
the group generated by s1, s2, s3, s4 is the reflection group W (F4) of type F4.
It is shown in [9] that the ring of W (F4)-invariant polynomials is generated by
RF4,1(x) =
1
2
q2,
RF4,2(x) = 3q6 −
15
4
q2q4 + 1516q
3
2 ,
RF4,3(x) = 9q8 −
21
2
q2q6 − 214 q
2
4 +
63
8
q22 q4 −
77
64
q42 ,
RF4,4(x) = 9q4q8 −
27
8
q22 q8 −
3
2
q26 −
33
4
q2q4q6 + 5916q
3
2 q6
− 17
4
q34 +
63
8
q22 q
2
4 −
229
64
q42 q4 +
103
256
q62 ,
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where
q2 j = x2 j1 + x2 j2 + x2 j3 + x2 j4 ( j = 1, 2, 3, 4).
Remark 1. Runge [6] uses polynomials P2, P6, P8, P12 as a system of generators of the
ring of W (F4)-invariants. The relations between Pj ( j = 1, 2, 3, 4) and RF4, j ( j =
1, 2, 3, 4) are
P2 = 2RF4,1,
P6 = 163 RF4,2,
P8 = −163 RF4,3 +
28
3
R4F4,1,
P12 = −32RF4,4 +
176
3
RF4,2 R
3
F4,1.
Now introduce variables (u1, u2, u3, u4) by the relations

2x1 = u1 + u4,
2x2 =
√−1(−u1 + u4),
2x3 = u2 − u3,
2x4 = −
√−1(u2 + u3).
(7)
Write as PF4, j (u) the polynomial of u under the substitution (7) of x by u in RF4, j (x) ( j =
1, 2, 3, 4). Then, in particular, it follows that
PF4,1 =
1
2
(u1u4 − u2u3).
Theorem 2. The following relations hold.

PF4,1(z1w1, z1w2, z2w1, z2w2) = 0
PF4,2(z1w1, z1w2, z2w1, z2w2) = 916 eO (z1, z2)eO(w1, w2)
PF4,3(z1w1, z1w2, z2w1, z2w2) = − 3256 fO (z1, z2) fO (w1, w2)
PF4,4(z1w1, z1w2, z2w1, z2w2) = 12048kO(z1, z2)kO(w1, w2).
(8)
This theorem follows from the concrete forms of RF4, j ( j = 1, 2, 3, 4) and eO , fO , kO .
3.3. The case H4
Let
α1 = e1, α2 = 12 (ae1 + a¯e2 + e3), α3 = e3, α4 = − 12 (ae2 + e3 + a¯e4)
be vectors of V , where a = (1 + √5)/2 and a¯ = (1 − √5)/2 and let s j be the reflection
on V with respect to α j ( j = 1, 2, 3, 4). Then we have
s2i = id., (i = 1, 2, 3, 4)
(s1s2)
5 = (s2s3)3 = (s3s4)3 = (s1s3)2 = (s1s4)2 = (s2s4)2 = id.
It follows that the group generated by s1, s2, s3, s4 is the reflection group W (H4) of type
H4 and that its subgroup generated by s1, s2, s3 is identified with the reflection group
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W (H3) of type H3. Before introducing basic W (H4)-invariant polynomials, we give
generators of the ring of W (H3)-invariant polynomials. Put
p2 = x21 + x22 + x23 ,
p4 = x21 x22 + x21 x23 + x22 x23 ,
p6 = x21 x22 x23 ,
D = (x21 − x22)(x21 − x23)(x22 − x23).
Then the ring of W (H3)-invariant polynomials of x1, x2, x3 are generated by y2, y6, y10,
where
y2 = p2,
y6 = −11 p6 + p2 p4 +
√
5D,
y10 = 95 p4 p6 − 32 p22 p6 − 5 p2 p24 + 2 p32 p4 + 3
√
5p4 D.
Since W (H4) contains W (H3) and since W (H3) leaves x4 unchanged, each W (H4)-
invariant polynomial is expressed as a polynomial of y2, y6, y10 and x4. As a system of
generators of W (H4)-invariant polynomials, we take RH4, j (x) ( j = 1, 2, 3, 4), where
R1 = y2 + x4^2;
R2 = -2*y2*x4^10 + 6*y2^2*x4^8 + (33*y6 - 14*y2^3)*x4^6
- (33*y2*y6 - 6*y2^4)*x4^4 + (11*y10 - 2*y2^5)*x4^2
- y2*y10 + 3/2*y6^2;
R3 = 4*y2^2*x4^16 - (30*y6 + 20*y2^3)*x4^14 + (138*y2*y6
+ 44*y2^4)*x4^12 + (180*y10 - 402*y2^2*y6 - 44*y2^5)*x4^10
+ (-464*y2*y10 + 294*y6^2 + 402*y2^3*y6 + 44*y2^6)*x4^8
+ (296*y2^2*y10 - 306*y2*y6^2 - 138*y2^4*y6 - 20*y2^7)
*x4^6 + (-114*y6*y10 - 76*y2^3*y10 + 168*y2^2*y6^2
+ 30*y2^5*y6 + 4*y2^8)*x4^4 + (4*y2^4*y10 + 57/2*y6^3
- 21*y2^3*y6^2)*x4^2 + y10^2 - 3/2*y2*y6^3;
R4 = (32*x4^24*y2^3)/3 + x4^22*(-80*y2^4 - 120*y2*y6)
+ x4^20*(360*y10 + (1344*y2^5)/5 + 672*y2^2*y6)
+ x4^18*(-2880*y10*y2 - (1328*y2^6)/3 - 1608*y2^3*y6
+ 1080*y6^2) + x4^16*(10024*y10*y2^2 + 272*y2^7
+ 1248*y2^4*y6 - 5628*y2*y6^2) + x4^14*(-16856*y10*y2^3
+ 272*y2^8 - 7620*y10*y6 + 18588*y2^2*y6^2) + x4^12
*(14216*y10*y2^4 - (1328*y2^9)/3 + 23508*y10*y2*y6
- 1248*y2^6*y6 - 27396*y2^3*y6^2 - 5796*y6^3) + x4^10
*(3240*y10^2 - 7160*y10*y2^5 + (1344*y2^10)/5 - 25332*y10
*y2^2*y6 + 1608*y2^7*y6 + 19968*y2^4*y6^2 + 7350*y2*y6^3)
+ x4^8*(-3232*y10^2*y2 + 2144*y10*y2^6 - 80*y2^11
+ 10908*y10*y2^3*y6 - 672*y2^8*y6 - 906*y10*y6^2
- 6924*y2^5*y6^2 - 1956*y2^2*y6^3) + x4^6*(1168*y10^2
*y2^2 - 344*y10*y2^7 + (32*y2^12)/3 - 2172*y10*y2^4*y6
+ 120*y2^9*y6 - 1908*y10*y2*y6^2 + 1332*y2^6*y6^2
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+ 288*y2^3*y6^3 + 2394*y6^4) + x4^4*(-152*y10^2*y2^3
+ 16*y10*y2^8 + 348*y10^2*y6 + 60*y10*y2^5*y6
+ 408*y10*y2^2*y6^2 - 84*y2^7*y6^2 + 84*y2^4*y6^3
- 909*y2*y6^4) + x4^2*(8*y10^2*y2^4 - 42*y10*y2^3*y6^2
- 87*y10*y6^3 - 6*y2^5*y6^3 + 135*y2^2*y6^4) + (4*y10^3)/3
- 3*y10*y2*y6^3 + (9*y6^5)/5;
(In the above, Rj means RH4, j (x) for j = 1, 2, 3, 4.)
Remark 2. We note here that the generators of the ring of W (H4)-invariant polynomials
were given in [9] and [7]. But the concrete forms of the invariants of degrees 12 and 30
there are not correct.
Now introduce variables (u1, u2, u3, u4) by the relations (7) as in the F4 case. Write
as PH4, j (u) the polynomial of u under the substitution (7) of x by u in RH4, j (x)
( j = 1, 2, 3, 4). Then, in particular, it follows that
PH4,1 = u1u4 − u2u3.
Theorem 3. Let ξ1, ξ2 be linear forms of z1, z2 defined by
ξ1 = z1 + 12
{
−1 − √5 +
√
2(5 + √5)
}
z2,
ξ2 = 12
{
1 + √5 −
√
2(5 + √5)
}
z1 + z2.
Similarly, let η1, η2 be linear forms of w1, w2 defined by
η1 = w1 + 12
{
−1 − √5 +
√
2(5 + √5)
}
w2,
η2 = 12
{
1 + √5 −
√
2(5 + √5)
}
w1 + w2.
Then 

PH4,1(z1w1, z1w2, z2w1, z2w2) = 0,
PH4,2(z1w1, z1w2, z2w1, z2w2) = c1eI (ξ1, ξ2)eI (η1, η2),
PH4,3(z1w1, z1w2, z2w1, z2w2) = c2 f I (ξ1, ξ2) f I (η1, η2),
PH4,4(z1w1, z1w2, z2w1, z2w2) = c3kI (ξ1, ξ2)kI (η1, η2),
(9)
for some non-zero constants c1, c2, c3.
By an argument similar to obtaining (4)–(6), we can prove the following from
Theorems 2 and 3.
Theorem 4. Let X4 be one of F4 and H4. Then there are polynomials QX4, j (u) ( j =
2, 3, 4) such that PX4, j (u) − PX4,1(u)QX4, j (u) is decomposed into linear factors of
u ( j = 2, 3, 4).
Remark 3. Theorems 1–3 are related to the following facts (see [3] and [4]).
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Let ϕ1(x), ϕ2(x) be a fundamental system of solutions of the Gauss hypergeometric
differential equations E(a, b; c):
x(1 − x)d
2ϕ
dx2
+ {c − (a + b + 1)x}dϕ
dx
− abϕ = 0.
Let
φ : (x, y) (X, Y ), X = xy, Y = (1 − x)(1 − y)
be the branched double covering of C2 onto C2. Then (a multi-valued function) vi j (X, Y )
satisfying φ∗vi j = ϕi (x)ϕ j (y) is a solution of E4(a, b, c, c′), c′ = a + b + 1 − c,
of rank four, where E4(a, b, c, c′) is the system of differential equations for Appell’s
hypergeometric function F4 defined by{
X (1 − X) ∂2v
∂ X2
− 2XY ∂2v
∂ X∂Y − Y 2 ∂
2v
∂Y 2
+ {c − (a + b + 1)X} ∂v
∂ X − (a + b + 1)Y ∂v∂Y − abv = 0,
Y (1 − Y ) ∂2v
∂Y 2
− 2XY ∂2v∂ X∂Y − X2 ∂
2v
∂ X2
+ {c′ − (a + b + 1)Y } ∂v∂Y − (a + b + 1)X ∂v∂ X − abv = 0.
The singular locus of E4 is the union of C = {(X − Y )2 − 2(X + Y ) + 1 = 0},
L X = {X = 0}, LY = {Y = 0} and the line at infinity L∞. Let γ be a loop surrounding C
once starting and ending at φ(, 1 − ) for some positive small number . Then one piece
of the pull back φ∗(γ ) is a curve starting at (, 1− ) and ending at (1− , ). This implies
that the analytic continuation γ∗vi j (X, Y ) of vi j (X, Y ) along γ is equal to v j i(X, Y ). Let
NC be the smallest normal subgroup of M4(a, b, c, c′) containing γ∗. We can prove, by the
same way as in [4], that NC is W (D4) or W (F4) or W (H4) accordingly as M(a, b; c) is
a tetrahedral or octahedral or icosahedral group.
Now we consider NC -invariant polynomials. First the quadratic polynomial
P2(v11, v12, v21, v22) = v11v22 − v12v21
is easily verified NC -invariant. We have P2(vi j (X, Y )) = 0. Assume that E(a, b; c) has
a finite irreducible monodromy group M (a, b; c) and let Ik(ϕ0, ϕ1) be a semi-invariant
form of degree k under the action of M (a, b; c). Take any homogeneous polynomial
P ′k(v11, v12, v21, v22) of degree k satisfying P ′k(z1w1, z1w2, z2w1, z2w2) = Ik(z1, z2) ·
Ik(w1, w2).
Then we have P ′k(vi j (X, Y )) = Ik(ϕ1(x), ϕ2(x)) · Ik(ϕ1(y), ϕ2(y)), which is a
semi-invariant function under the action of M4(a, b, c, c′) and is γ∗-invariant. Thus
P ′k(vi j (X, Y )) is an NC -invariant function on C2, although P ′k(vi j ) is not necessarily an
NC -invariant polynomial. Theorems 1–3 assert that we can choose a polynomial Q(vi j )
of degree k − 2 such that Pk := P ′ + P2 Q is an NC -invariant polynomial of degree k
satisfying
Pk(z1w1, z1w2, z2w1, z2w2) = Ik(z1, z2) · Ik(w1, w2).
Remark 4. There are five kinds of irreducible finite reflection groups of rank four. Their
types are A4, B4, D4, F4, H4. In this paper, we treated the cases D4, F4, H4. A similar
phenomenon does not occur for the cases A4, B4. That is, the following is provable. Let W
be the reflection group of type A4 or B4 and let R j (x) ( j = 1, 2, 3, 4) be basic W -invariant
polynomials of degrees d j ( j = 1, 2, 3, 4) (2 = d1 < d2 < d3 < d4). Then at least one
574 M. Kato, J. Sekiguchi / European Journal of Combinatorics 25 (2004) 565–577
of R j (x) ( j = 2, 3, 4) is not decomposed into linear factors mod R1(x) for any choice of
generators R j (x) ( j = 1, 2, 3, 4).
4. Equations for the reflection groups of types D4, F4,H4
In this section, applying the results of Section 3, we will solve equations related to
reflection groups of types D4, F4, H4. We first recall the results discussed in [1] and then
introduce the equations for reflection groups of types D4, F4, H4 following the arguments
in [1, pp.142–153].
Let E2k(τ ) be the normalized Eisenstein series of degree 2k, where q = e2π iτ with
τ ∈ H+ and H+ is the upper half plane. In particular,
E4(τ ) = 1 + 240q + 240 · 9q2 + · · · ,
E6(τ ) = 1 − 504q − 504 · 33q2 + · · · .
4.1. The case of the tetrahedron and type D4
This case is connected with ternary self-dual codes (cf. [1, p. 150]). Put
θ0(τ ) =
∑
(x,y)∈Z2
qx
2−xy+y2
= 1 + 6(q + q3 + q4 + 2q7 + q9 + q12 + 2q13 + · · ·)
θ1(τ ) = q1/3
∑
(x,y)∈Z2
qx
2−xy+y2+x−y
= 3q1/3(1 + q + 2q2 + 2q4 + · · ·).
Then the following relations are shown in [1, p. 158]:

eT (θ0(τ ), θ1(τ )) = E4(τ ),
kT (θ0(τ ), θ1(τ )) = E6(τ ),
fT (θ0(τ ), θ1(τ ))3 = E6(τ )2 − E4(τ )3.
(10)
Theorem 5. Consider the equations for u = (u1, u2, u3, u4):

PD4,1(u) = 0,
PD4,2(u) = 24E4(τ1)E4(τ2),
PD4,4(u) = −24E6(τ1)E6(τ2),
PD4,3(u)3 = 243(E6(τ1)2 − E4(τ1)3)(E6(τ2)2 − E4(τ2)3),
(11)
where PD4, j (u) ( j = 1, 2, 3, 4) are basic W (D4)-invariants introduced in Section 3. Then
(11) has a solution

u1 = −2θ1(τ1)θ0(τ2),
u2 = −2θ1(τ1)θ1(τ2),
u3 = θ0(τ1)θ0(τ2),
u4 = −2θ0(τ1)θ1(τ2).
(12)
This theorem is a consequence of (10) and Theorem 1.
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4.2. The case of the octahedron and type F4
This case is related with binary codes [1, p. 72]. Put
A(τ ) =
∑
x∈2Z
qx
2/4 = 1 + 2
∞∑
n=1
qn
2
,
B(τ ) =
∑
x∈2Z+1
qx
2/4 = 2q1/4
∞∑
n=0
qn
2+n .
Then the following relations are shown in [1, pp. 159–161]:

fO (A(τ ), B(τ )) = E4(τ ),
kO(A(τ ), B(τ )) = E6(τ ),
108eO(A(τ ), B(τ ))4 = −E6(τ )2 + E4(τ )3.
(13)
Theorem 6. Consider the equations for u = (u1, u2, u3, u4):

PF4,1(u) = 0,
− 2563 PF4,3(u) = E4(τ1)E4(τ2),
2048PF4,4(u) = E6(τ1)E6(τ2),
220
32 PF4,2(u)
4 = (E6(τ1)2 − E4(τ1)3)(E6(τ2)2 − E4(τ2)3),
(14)
where PF4, j (u) ( j = 1, 2, 3, 4) are basic W (F4)-invariants introduced in Section 3. Then
(14) has a solution

u1 = A(τ1)A(τ2),
u2 = A(τ1)B(τ2),
u3 = B(τ1)A(τ2),
u4 = B(τ1)B(τ2).
(15)
This theorem is a consequence of (13) and Theorem 2.
4.3. The case of the icosahedron and type H4
The case of the icosahedron is also discussed in [1], but the direction of the argument
given in pp.161–166 is not the same as those of the cases of the tetrahedron and the
octahedron. Going back to Klein’s book [5, Part I, Chapter 5], we obtain the following
result similar to the cases of the tetrahedron and the octahedron (cf. (10) and (13)).
Theorem 7 (Bannai–Koike–Munemsa–Sekiguchi ([8], see also [2])). Put
α1(τ ) = q−3/50 q1/5
∞∑
k=−∞
(−1)kq(5k2−3k)/2,
α2(τ ) = q−3/50
∞∑
k=−∞
(−1)kq(5k2−k)/2,
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where
q0 =
∞∏
n=1
(1 − qn)
then 

fI (α1(τ ), α2(τ )) = −E4(τ ),
kI (α1(τ ), α2(τ )) = E6(τ ),
1728eI (α1(τ ), α2(τ ))5 = E6(τ )2 − E4(τ )3.
(16)
Theorem 8. Consider the equations:

PH4,1(u) = 0,
PH4,3(u) = c2 E4(τ1)E4(τ2),
PH4,4(u) = c3 E6(τ1)E6(τ2),
17282 PH4,2(u)5 = c51(E6(τ1)2 − E4(τ1)3)(E6(τ2)2 − E4(τ2)3),
(17)
where PH4, j (u) ( j = 1, 2, 3, 4) are basic W (H4)-invariants and c1, c2, c3 are constants
introduced in Section 3. Then (17) has a solution

u1 = t1(α1(τ1), α2(τ1))t1(α1(τ2), α2(τ2)),
u2 = t1(α1(τ1), α2(τ1))t2(α1(τ2), α2(τ2)),
u3 = t2(α1(τ1), α2(τ1))t1(α1(τ2), α2(τ2)),
u4 = t2(α1(τ1), α2(τ1))t2(α1(τ2), α2(τ2)),
(18)
where
t1(ξ1, ξ2) = 1
σ 2 + 1 (ξ1 − σξ2),
t2(ξ1, ξ2) = 1
σ 2 + 1 (σξ1 + ξ2),
and σ = 12 (−1 −
√
5 +
√
2(5 + √5)).
This theorem is a consequence of (16) and Theorem 3.
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